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A SIMPLIFIED THEORETICAL METHOD OF DETERMINING THE CHARACTERISTICS 

OF A LIFTING ROTOR IN FORWARD FLIGHT 

By F. J. Bailky, Jr. 



SUMMARY 

Theoretically derived expressions for the flapping, the 
thrust, the torque, and the profile drag-lift ratio of a non- 
feathering rotor with hinged, rectangular, linearly twisted 
blades are given as simple functions of the inflow velocity 
and the blade pitch. Representative values of the coeffi- 
cients of each of the terms in these expressions are tabu- 
lated for a series of specified values of the tip-speed ratio. 
Analysis indicates that the tabulated values can be used to 
calculate, with reasonable accuracy, the characteristics of 
any rotor of conventional design. 

In order to demonstrate the method of using the tables 
included with the analysis, the char cteri sties of a typical 
autorotating rotor are calculated. A convenient method is 
devised for expressing, by means of a single chart, the 
relationship between the drag and the lift characteristics of 
the rotor for various combinations of pitch, tip-speed 
ratio, and solidity. 

The decelerating torque and the profile drag-lift ratio of 
the rotor are evaluated on the assumption that the profile- 
drag coefficient of a blade element can be expressed as a 
f unction of the angle of attack of the element by the first 
three terms of a power series. A convenient method is 
developed for determining appropriate values of the 
coefficients of the different powers of the angle of attack in 
this series for conventional airfoil sections at any Rey- 
nolds number. 

When the blade elements reach angles of attack above a 
certain limiting value, the drag coefficient begins to exceed 
the value given by the series. For certain limiting condi- 
tions of pitch and tip-speed ratio, where the elements begin 
to reach high angles while moving at high velocity, the rotor 
performance is impaired and the theory becomes optimistic. 
A method of determining these limiting conditions is 
developed. 

A further limitation, imposed by the requirement that 
compressibility shock be avoided at the advancing blade 
tip, is found to limit high-speed flight to high tip-speed 
ratios, where the autorotating rotor is inherently inefficient. 

INTRODUCTION 

Theoretical expressions from which the various 
characteristics of autogiro and helicopter rotors can be 
calculated are to be found in the works of Wheatley 
(references 1 and 2) and Sissingh (reference 3). The 



form in which these expressions have been presented is 
unsatisfactory for practical engineering calculations, 
chiefly because the expressions have not been reduced 
to terms of the two basic parameters: inflow velocity 
ami blade pitch. 

In the present paper the theoretical expressions for 
thrust coefficient, flapping coefficient-, accelerating 
torque coefficient, decelerating torque coefficient, and 
profile drag-lift ratio are reduced to simple functions 
of the inflow factor X and the blade pitch angles 0 O and 
0,. The coefficients of the various terms in the expres- 
sions are found to be functions of the lip-speed ratio jjl, 
tin* mass constant y, and the tip-loss factor B. Values 
of these coefficients, computed for 7=15 and # = 0.97, 
have been tabulated for a. series of specified values of 
the tip-speed ratio. Because the departures of y from 
15 and B from 0.97 that are to be expected in modern 
rotor designs have a negligible effect on the values of 
the coefficients, the tabulated values can be safely used 
for calculating the characteristics of any conventional 
rotor. 

In the derivation of expressions for the decelerating 
torque and the profile drag-lift ratio, it is necessary to 
approximate the relation between the section profile- 
drag coefficient c rf(1 and the angle of attack a r of a 
blade element. This approximation is made in the 
present paper by means of the power series: 

Q 0 = 5o + 5,a r + S 2 a r 2 

From the data of reference 4, a convenient method is 
then developed for assigning appropriate values to the 
coefficients 5 0 , 5 l} and 5 2 for conventional airfoil sections 
at any Reynolds number. 

When blade elements approach or exceed the stall, 
their drag coefficients greatly exceed the values given 
by this approximation. At the same time their lift 
coefficients fall below the values given by the approxi- 
mation 

Ci = aa r 

that is used to express the relation between the lift 
coefficient and the angle of attack of an element. 
As long as such elements are confined to parts of the 
rotor where the relative velocity between the air and 
the elements is low, the contribution of these elements 
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to the total rotor force is small and the theory is accu- 
rate. When the conditions of pitch and tip-speed ratio 
exceed certain limits, however, blade elements begin to 
operate near or beyond the stall while moving at high 
velocities. Their drag then begins to impair the per- 
formance of the rotor and the theory becomes opti- 
mistic. In order to prevent the unwitting application 
of the theory to these conditions, in which its basic 
assumptions are untenable, a method of determining 
approximately the limiting combinations of pitch and 
tip-speed ratio is presented. 

A source of much confusion in the analysis of data 
on rotor drag lias been the lack of a method of present- 
ing the data in a simple form capable of showing directly 
and independently the effects of changes in the pitch, 
the tip-speed ratio, and the solidity. It is shown in the 
present paper that a chart of the profile drag-lift ratio 
against the lift coefficient-solidity ratio C L /<r for a series 
of specified values of pitch and tip-speed ratios com- 
pletely satisfies the requirements. 

Calculations of the speed of the tip of the advancing 
blade are included to show that, if compressibility 
shock is to be avoided at this point, high translational 
speeds are feasible only at high tip-speed ratios. An 
autorotating rotor becomes inefficient at these high 
tip-speed ratios because of the stalling of the retreating 
blade. 

The method of using all the tables and charts included 
in this paper is fully explained and illustrated by 
sample calculations for a typical rotor. 

The scope of the paper is limited to linearly twisted, 
rectangular blades with the flapping hinge perpen- 
dicular to the rotor axis and to the blade span. Periodic 
blade-twist terms are not included in view of the cur- 
rent trend toward blades designed to eliminate periodic 
twist. In the derivation of all the expressions that 
are functions of the tip-speed ratio /x, all terms of the 
order of or lower have been retained and all terms 
of the order of ju 5 or higher have been dropped. 



SYxMBOLS 

12 rotor angular velocity, radians per second 

R blade radius 

V forward speed 

Xllff speed of axial flow through rotor 

ji tip-speed ratio (V cos ajilR) 

n&R component of forward speed in plane of disk 

B tip loss factor 

Blade elements outboard of radius BR are 
assumed to have drag but no lift. 
r radius of blade element 

x ratio of blade-element radius to rotor-blade 

radius (r/R) 

u T UR velocity component at blade element per- 
pendicular to blade span and parallel to 
rotor disk 

b number of blades 

c blade chord 



UpQR velocity component at blade element perpen- 
dicular both to blade span and to u T ilR 

00 blade pitch angle at hub, radians 

01 difference between bub and tip pitch angles, 

radians 

a slope of lift coefficient against angle of attack 

of blade airfoil section (radian measure) 

<r solidity, ratio of total blade area to swept-disk 

area (bc/vR) 

p air density 

h mass moment of inertia of rotor blade about 

horizontal hinge 
7 mass constant of rotor blade (cpa.R*/Ii) 

M w weight moment of blade about horizontal 

hinge 

T rotor thrust 

r 7 .~. t/pu'tR 1 

Q rotor torque 

Oq= Q/pWirR 5 

L rotor lift 

C L = Lj\pV 2 irR 2 

D rotor drag 

0 D = D/hV'irR 2 

a angle of attack of rotor disk 

a r angle of attack of blade element 

0 blade flapping angle 

blade azimuth angle (measured from down- 
wind position in direction of rotation) 

c d() section profile-drag coefficient of a blade 

element operating normally 

c (lQ ' section profile-drag coefficient of a blade 

element in rcverscd-velocity region 

6 0 , 6 U 8 2 coefficients in power series expressing c dQ as a 
function of c t 

Ci section lift coefficient of a blade element 

a 0 constant term in Fourier series that expresses /3 

a n coefficient of cos n\ft in expression for p 

b n coefficient of sin n\p in expression for 0 

ANALYSIS 

FLAPPING COEFFICIENTS 



The flapping angle 0 between the blade-span axis 
and the plane perpendicular to the rotor axis is a func- 
tion of the azimuth position of the blade. The relation 
between 0 and the azimuth angle \p of the blade can be 
approximated with sufficient accuracy by the Fourier 
series. 

fi = a Q — a i cos \l/~-bi sin \j/ — a 2 cos 2\p — k-> sin 2\j/ 
Expressions for the flapping coe'ficients a (h a u and b { 
are given in equations (9 11) of reference I. By sub- 
stitution and division these expressions can be reduced 
to the form: 

^=«i,i)XH-a 1 , 2 )0 u +(f 1 , 3 )0i-J 0) 

*i=(fi .4) X+ (*L. 5 )0o+(*i,a)0i (2) 
^=tt.f)X+(f s< ^+(<,..)»i+«i.io)J^ (3) 
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when* the symbols (fj.i), (^1,2), etc. are used to represent, 
lengthy expressions involving Hie tip-speed ratio n, the 
tip-loss factor B } and the blade mass constant 7. The 
actual expressions represented arc given in full in the 
appendix. 

In equations (1), (2), and (3) the coefficients of X, 
1 M w 
7 It 

pendent of 7 for values of ^ up to 0.5 and for values of 
7 up to 25. For example, at a tip-speed ratio of 0.5, 
reducing 7 from 15 to 0 changes no coefficient by more 
than 2.9 percent. Increasing 7 from 15 to 25 changes 
no coefficient by more than 1.3 percent. All terms 
that involve 7 are of the order of m ;i or /u 4 ; hence, the 



and * jj^, are, for all practical purposes, inde- 



ett'ect of 7 decreases very rapidly as the tip-speed ratio 
is reduced. 

Numerical values of the coefficients of X, 0 O , B u and 

1 'H? in equations (1), (2), and (3) arc given for speci- 
7 ^ 

tied tip-speed ratios in table I. The values given have 
been computed on the assumption that the mass con- 
stant 7 is 15 but these values may be used, with satis- 
factory accuracy, for any value of 7 from 0 to 25. It 
will be noted that the subscripts of the symbols (t ]fl ), 
(/i.a), etc. used in the equations have been chosen to 
indicate the table and the line in that table where the 
appropriate numerical values are to be found. This 
procedure is followed throughout the paper. 



Table I. X UMKRICAL VALUES OF THE COEFFICIENTS IX EQUATIONS (1), (2), AND (3) 



('(X'JIleit'iiP 

of 



Tip-speed 
rutin, n 



0i 







[7= 15; 


li = 0.1*7] 










11. 15 


0.211 


0. 25 


o. ;«> 


0.35 


0. 40 


0. 45 


0. 50 






no, iy in oiiusitioii (1) 










0. 1523 


0. 1525 


(1. 1527 


0. 1531 


0. 1530 


0. 1543 


0. 1550 


(1. 1500 


. 1133 


. 1153 


. 117K 


. 1209 


. 1244 


. 1281 


. 132K 


. 1375 


. DK77 


. 0890 


. UWKI 


. 0927 


. 0050 


. 0077 


. KHMi 


. 103S 






B] in equation (2) 










II. 322 


0. VM 


0. 513 


0. 059 


0. 777 


I). 899 


1.020 


1. 150 


. 41K 


.m 


. 71') 


.H74 


1.041 


1. 217 


1. 105 


i. 007 


. 304 


.4111 


. 520 


. 034 


. 755 


.881 


1.010 


1. 150 






h/i in equation (3) 










0.03 13 


0.0415 


0. 1 ). r > 1 7 


0. (Hi 19 


0. 0721 


0. 0K22 


(1.0025 


0. 102S 


. 0233 


Amu 


.0-101 


.0493 


. 0501 


. oooo 


. 0809 


.oo3:i 


.oixu 


. 0212 


.0308 


. 0377 


. 0440 


Aim 


. 0000 


.ofiu? 


-.204 


-."Mi 


- . Mi 


-.3113 


-.452 


-.507 


-.557 


-.ooo 



In table I, and in all subsequent, computations in the 
present paper, the effective blade radius is assumed to 
be 97 percent of llie actual radius; that is, the tip-loss 
factor H is 0.97. For conventional rotor-blade designs 
this value is considered to be a sufficiently close approxi- 
mation to the recommended value \ —ci2R (reference 1). 

Expressions for the flapping coefficients a 2 arid b 2 
are given in equations (9 15) of reference I. These 
expressions can be written in the form: 



-5= (*2.4)X-r (Uj)O n + (ti^Bx 



(4) 
(fi) 



The coefficients of X, B {)} and B l in equations (4) and (5) 
are not independent of 7 but are independent of jx. 
Values of these coefficients for specified values of 7 are 
given in table II. Complete expressions for each 



coefficient are given in the appendix. 
Tablk II. NUMERICAL VALUES OF THE COEFFICIENTS IN EQUATIONS (4) AND (5) 

[H* 0.07| 



\. Mass 

constant, ' 
Coei!i<'ient"\ 7 

uf \ 



! 



mitt* in equal km (4) 



0.214 

. 10s 

. 150 



-0. (113 
-.010 
-.012 



0.417 
. 291 



-0.040 
-.050 
-.014 



. 002 
. 548 
.417 



I, 100 
. 121 

.000 



. 709 
. 525 



.910 
.810 
.018 



■ in pq nation (5,* 



-0. 157 
-. 101 
-. 142 



-0. 214 
— . 200 
-. 194 



1 . 050 

.yi5 

.1590 



-0. 21)8 
-.324 
-.242 



1. 184 

1 . 009 
.772 



-0.314 

-.381 
- . 284 



1.300 
1.000 
. 839 



-11.354 
— .430 
-.320 



1.423 
1. 177 
. 903 



-n. 388 
-.471 
-.351 



1 . 257 
. 905 



-0.417 
- . 500 
- . 377 
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THRUST COEFFICIENT 



The expression for the thrust coefficient given in 
equation (8-14) of reference 1 can, after substitution 
from equations (2) and (5), be reduced to the form 



20r 
all 



= (f>.l)*+(*3.2)0O+ (f 3 . 3 )*l 



Again the coefficients of X, S ih and 6 l an 



(6) 

practically 



independent of 7. At a tip-speed ratio of 0.5, a reduc- 
tion of 7 from 15 to 0 changes no coefficient by more 
than 1.7 percent while an increase in 7 from 15 to 25 
changes no coefficient by more than 0.7 percent. 

Numerical values of these coefficients, computed for 
7=15 but satisfactory for any value of 7 between 0 and 
25, are given in table III. Complete expressions for 
each coefficient are given in the appendix. 



Table II I.— NUMERICAL VALUES OF THE COEFFICIENTS IN EQUATION (6) FOR 

2(' T . on 

[7 = 1:.; /f=U.«7] 




0. 15 



0. 47fi 


0. 480 


.315 


.322 


.226 


.231) 



0. 4*7 
. 333 
.237 



0. 30 



. 340 
. 243 



0. 35 


0. 40 


0. 45 


0. 51) 


0. 504 


0. 515 


0. 52U 


0. 544 


.301 


. 379 


.399 


.422 


. 252 


. 203 


. 275 


.289 



ANGLE OF ATTACK 

After the thrust coefficient C T has been determined, 
the angle of attack a between the plane perpendicular 
to the rotor axis and the flight path can be obtained 
from equation (5-2) of reference 1, which is 

For low angles of attack X 2 is negligible in comparison 
with n 2 and the expression reduces to 



X , C r 



(8) 



ACCELERATING TORQUE 

In previous work on the torque equilibrium of auto- 
giro rotors (reference 5), it was found convenient to 
divide the aerodynamic torque into two parts: one 
dependent on the components of the lift vectors of the 
blade elements parallel to the plane of the disk and the 
other dependent on the components of the drag vectors 
parallel to the plane of the disk. In the case of the 
autogiro, the torque arising from the inclination of the 
lift vectors relative to the plane of the disk tends to 
accelerate the rotor and was designated the accelerating 
torque in reference 5. This designation will be 
retained in the present paper even though, in the case 
of the helicopter, the inclination of the elemental lift 
vectors may tend to decelerate the rotor. 



A study of equation (9) of reference 5 shows that the 
accelerating torque coefficient C Q(l of a rotor without 
dynamic blade twist can be expressed in the form 



I 



- iU <>) 7 y^i + -io)(t^) 



(9) 



The expressions represented by the symbols (t 4ii ), (/ 4i2 ), 
etc. are given in the appendix. 

The last four terms of equation (9) are negligible for 
combinations of 7 and M w jI$P found in current 
autogiro designs. 

Numerical values of the coefficients in the first six 
terms, computed for 7=15, are included in table I of 
reference 5. For convenience these values are repeated 
in table IV in the present paper. Reasonable depar- 
tures of the mass constant 7 from 15 can again be safely 
ignored although the effect of changes in 7 is somewhat 
greater than it was in the case of thrust and flapping. 
At m = 0.5 the maximum change produced in any of the 
coefficients by decreasing 7 from 15 to 0 is 5.0 percent 
and the maximum change produced by increasing 7 from 
15 to 25 is 9.2 percent. 



Table IV.- NUMERICAL VALUES OF THE COEFFICIENTS IN EQUATION (9) FOR Ma (2C Q Ja) 

[7=1,-.; f*=0.V7] 




0. 15 



0.20 



0. 30 





0.502 


(1. 520 


0. 55K 




. '.m 


. 421 


. 490 




. 208 


.300 


. :m 




.022 


.04(1 


. iwft 


eA 


.032 


. 058 


. 0% 


... . 


. 1)12 


.021 


. 035 



0. 59S 
. 579 
. 4 20 
. 100 

. 1 Hi 

.05:1 



0. 10 



0. 45 



0.040 
. 089 
. 500 
. 145 
. 212 
.077 



I). 702 
. 824 

. 598 

. m 

. 290 
. 10* 



0. 700 
. 9K0 
.714 
.270 
. 403 
. 147 



0. 50 



0. H40 
1.179 
. 854 
. 308 
. 530 
. 195 



METHOD OF DETERMINING THE CHARACTERISTICS OF A LIFTING ROTOR 



213 



S V'(U""4 



A (romparison of the expression for the accelerating 
torque of a constant-pitch rotor of pitch 0 O +M> witn 
that for a rotor of pitch 8 0 and linear twist 0, shows that 
the two rotors will have the same accelerating toniue 
at the same inflow factor if 

A study of the numerical values given in table IV shows 
that, for all practical purpose 

Hence the accelerating torque of a rotor with linearly 
twisted blades is, for practical purposes, equivalent to 
that of a constant-pitch rotor if the pitch of the ele- 
ments at 7- r ) ])ercent of the effective radius BR is 
identical in the two rotors. Considerable time can be 
saved in calculating the accelerating torque of a. rotor 
with linearly twisted blades by first determining the 
blade pitch at O.lbBR and then calculating the toniue 
of a rotor with untwisted blades having this pitch. 

DECELERATING TORQUE 

The decelerating torque coefficient C Qd of the rotor 
can be expressed in the integral form by following the 
method developed in reference 1 : 



jrdj 



In this expression, c tl{j represents the profile-drag co- 
efficient of a blade element operating normally and 



(10) 



r,, 0 ' represents the profile-drag coefficient of an element 
in the reversed-veloeity region. 

Experience has shown that the drag coefficient of a 
blade element cannot be considered to be independent of 
4> and x; hence e<iuation (10) cannot be integrated until 
r,, n and r,, 0 ' are expressed in terms of ^ and x. The 
simplest way of satisfying this requirement is to approxi- 
mate the relation between the drag coefficient and the 
angle of attack of an element by a power series of the 
form 



as was originally done by Sissingh in reference 3. 

The effective angle of attack of elements in the 
reversed-veloeity region has been shown in reference 1 

a/ ~ — — - — Q{)~f&\ 



With ordinary airfoil sections, of course, the values of 
5„, 61, and <5, appropriate for backward-moving blade 
elements in the reversed-veloeity region may be 
expected to differ considerably from the values char- 
acteristic of the forward-moving elements in the rest of 
the disk. At tip-speed ratios below 0.5, however, the 
total contribution of the reversed-veloeity region is too 
small to necessitate any such refinement in its evalua- 
tion. 

After substitution for c do and c do f equation (10) 
becomes 



It will therefore be assumed that 

A'M)\\>A~ 42—15 



- 6 0 — X6i 



- m sin 4> 



1 civ r-n ^in * , . "1 

-hi d *.i "'■"''] 



which reduces to 



+ *{4C''*X''''*(s +, » +rt ')'"'' 

After substitution for «j. and «/» from equations (8), 
(<)), (10), and (11) of reference 2, integration, and 
substitution for the flapping coefficients from equations 
(1) to (5) of this report, the expression for decelerating 
torque takes the form 

( 2< ^) = fi 0 (<6.l) +S>[(<5. 2 ) X+ (<5. 3 )0O+ (*..«)«•] 

+ 52[«5,5)X 2 + (< S , 6 )X»0+ «5.7)X0|+ (*5. S X»0 2 



+ (( s . s )«.+ (' S .i«)9i ! 
+ «5,>)7^X-i (* Sl „)«^ft,+ «. 



A/* 



+ « 



' 5 h) (/.^) ] 



(11) 
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The complete expressions for the coefficients repre- 
sented by the symbols (f fitI ), (f 6>2 ), etc. are given in the 
appendix. 

The net contribution of the last four terms in equation 
(11), that is, the terms containing M w Ifi-, is negligible 
for normal values of 7 and M W II$P. Values of the 



coefficients in the first 10 terms are given in table V 
for 7-=15, #-0.97. The effect of y on the value of 
these coefficients is again very small. At a tip- 
speed ratio of 0.5, no coefficient changes by more than 
than 3.0 percent as y is reduced from 15 to zero or 
by more than 4.G percent as 7 is increased from If; to 25. 



Table V.- -NUMKKICAL VALUES OF THK COKFFK'IKNTH IX EQUATION (11) FOR (2C Q J,) 



\ ratio, u 


0. |. r i 


i). 211 


Coofli- \ 


vivut of "\ 






8, 


0. 2,W 


0. 260 


8i\ 


. 333 


. 333 


«i«o .. . 


. 2tti 


. m) 




. 204 


. 207 


S A l - 


. ftift 


. !M2 




. 737 


. 795 




. .V)l 


. rm 


W . . . 


.2X0 


. :m 


520001 


. 4 Hi 


. 479 


5s0i'_. ... 


. ijs:j 


. \m 









0. 2<w> 
. :m 

. 2«i. r > 
. 210 
. 597 
.871 
. 048 

. 339 

. . r >2X 
.214 



PROFILE DRAG 

The profile drag-lift ratio of the rotor can be expressed 
in the integral form by following the procedure outlined 
in section 11 of reference 1: 

(i).^^(pr^/. , *' v ^ j! 

1 f2» f-M sin* \ 

"Sj r rf 'J„ (12) 

Under the same assumptions as to the profile-drag 
coefficient of a blade element that were used in evalu- 
ating the decelerating torque, equation (12) becomes 

which can be reduced to 



+5, 



I). 272 

. 333 

272 
'. 215 
. fi-1 1 
. !>70 
. 71!> 
. 3X5 

. 

. 237 



0. 280 
. 333 
. 2X1) 
. 221) 
.(VJ4 

1 . 092 
. 807 
. 443 
. 070 
. 20S 



0. 2X9 
. 332 
. 2X9 
. 220 
. 750 

1.242 
.911 
.51X 
. 7X2 
. 3(H) 



0. 299 
. 332 
.298 
. 232 
. X29 

1. 422 
1. 1143 

. 610 
.914 
. 354 



0. 310 
. 331 
. 309 
. 239 
.912 

1.037 

1. 197 
.724 

1. 1)76 
.413 



After substitution for u T and u P from equations (8), 
(9), (10), and (11) of reference 2, integration, and 
substitution for the flapping coefficients from equations 
(1) to (5) of this paper, the expression for the profile 
drag-lift ratio takes the form 

+ ■*[ & ..0 -I (f 6 , 6 ) x*„ + (* 6 >7 ) w, + (/ fl s ) e* 

+ (*..„)t^+ (*..„)t}^+ 03) 

The complete expressions for the coefficients represented 
by the symbols (* 6a ), (/ 6 2 ), e tc. are given in the 
appendix. 

The net contribution of the four terms in equation 
(13) that contain M w jl£P is negligible for normal values 
of 7 and MwJItiP. Values of the coefficients in the 
other 10 terms are given in table VI for y= 15, 7i=-0.97. 
At a tip-speed ratio of 0.5 reducing y from 15 to zero 
will change no coefficient by more than 1.3 percent 
while increasing y from 15 to 25 will change no coeffi- 
cient by more than 0.7 percent. Consequently, the 
values given in the table can be safely used for any 
conventional rotor. 
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Taiilk VI. NUMERICAL VALUES OF THE COEFFICIENTS IN EQUATION (13) FOR M * 

[ 7 = !.-»; /fM >.!»"] 



CO. 



('(K'fricicnt 
«if 



a 

*'-X 
a 

(I 

11 

5 2 \fh . 



Tip-S|HT(1 

ratio, fi 



I 



" 2 »i= . . 



II. 207 

. 337 

. 257 
.204 



. 270 
. 127 

. 170 



(l. 2S(I 

. x\u 

. 2(i2 
. 21)7 
. MO 
. 717 
. 550 
,2S7 

. m 

. IS.') 



0. 207 

.;m 

. 20S 
.211 

. :.<>2 

. 7!il 

. 5 NO 

. 

. 470 



0. 31K 



. lilO 

. sau 

. MX 
.210 



0. :mh 
. 353 

. 2x0 
. 221 
. (127 

. uau 

. 01 i* 

.37s 
. .vss 
. 22s 



! 



0. 

. wm 
. 20s 
. 22s 

. ti7l 
1.022 
. 720 
, 120 

. 032 
. 250 



1 11. 4<h; 
. :50s 
.311 
. 235 

1. m 

. S02 

. I SO 

. 710 
. 27* 



0. m 

. 37* 

. 320 

.211 

.7S1 

1. 207 
. W0 

. rm 
. so5 
. 3 1 2 



The product fx 2C T jaa on the loft-hand side of equa- 
tion (13) is, from equation (0), 



+(]«v-i -|/*v)». 



(14) 



The codlicienttf of X, 0,>, and 0,, which arc independent 
of 7, arc given in table VII for Ji- 0.07. 



Taki.e VII. XI MKKICAL VAI.UIOS OF THK (IOIOKKK'1 10 NTS IN KOIATION (I t) 



[/i- 0.07] 



Coeffl- ' 
ciunt of 



X . 



Tip-sprwl 
ratio, /i 



0. 25 



0.1)714 
.0471 

.o:uo 



o.ooo i 

. 004 5 
.01*52 



0. 1215 

.o*3i 

. U50U 



0. 1471) 

. Mm 

. 072S 



0. 35 



0. 1753 
1252 
.0S70 



0. 40 



0.2042 
. 1401 

. um 



0. t. r i 



0. 2345 
. 1753 
. 1211 



0. . r )0 



0. 200 » 
. 203U 
. 1401 



DETERMINATION OF do, 5j. AND 5: 

The profile-drag eoeflieient r„ 0 has heen expressed in 
terms of the angle 01 attack of a blade element a T by 
the series 

Cii Q - 6 {) -{-dia T -\ 5>a r 2 (IT)) 

where 5 0 , 61, and 6, are constants, so chosen that the 
series will closely approximate an experimental curve 
of drag coefficient against angle of attack over the 
important part of the angle-of-attaek range. Obviously 
the values chosen for S t , and 5, will depend on the 
airfoil section and the Reynolds number. Hence, if 
the present paper is to be of any practical value in 
rotor-performance calculations, a simple and rapid 
method of determining^, 8 U and b 2 for different airfoil 
sections at any Reynolds number must be developed. 

It is shown in reference 4 that the profile-drag 
eoeflieient of a conventional airfoil section at any 
Reynolds number can be expressed as 



where c iln depends on the airfoil section and the 

"mitt 

Reynolds number and the increment Ac ( , 0 depends on 
the parameter | ei—e loi)t \l(c hnax —e lopt ). 

The variation of Ac„ 0 with [r / — c top t \f(fi m „— Ct opl ) is 
exi)ressed graphically in figure 45 of reference 4. Ex- 
amination of this curve reveals that the series expansion 

a,, (' r ' )i a-.( .'" '';'••' )" d7) 

can be made to approximate very closely the curve over 



a range of values of \c t — v i twt \ (c i„ 



('i u t ) from 0 to 0.S, 
provided that the values of K ih K l} and K 2 are properly 
chosen. The nature of the agreement that can be 
obtained is illustrated in figure 1. In this particular 
ease the following values were used: A' 0 — 0.0003, 
A\- -0.0025, and AV 0.0229. These values were 
chosen to make the values of Ar do given by the series 
agree with the values given by figure 45 of reference 4 
at ki-ci |/(Cf -o ,) -0.125, 0.400, and 0.675. 
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Curve A From figure 4< r >, rvfonw 

\Ci~Ci 



Curve H Ac^-O.iHHW-O.On^ 



opt 



-j- ().<>_»_!» 



\ c '-«_- ,- ' B pi/ 



FKiUKE I.— Mrihmi i)f approximating profile-. Imji iiH-reirn nl Ac d[i of a blade element. 



It will bo not I'd that the substitution of the series for 
the curve results in some underestimation of the drag 
of the blade elements operating at very high lift 
coefficients and some overestimation of the drag atf. . 
The overestimation of the drag at c lopt is not considered 
serious inasmuch as it is to some extent compensated 
by the slight underestimation of the drag at values of 
h-^0/( f W-^<) from 0.125 to 0.400. In addi- 
tion, because excessive center-of-pressure travel makes 
highly cambered sections unsuitable for use in rotors, 
rotor-blade sections will normally have low values of 
Ci opr For this reason rotor-blade elements will not 
reach values of c, as low as c lopt except at the tip of the 
advancing blade at very high tip-speed ratios. 

The underestimation of the drag of elements operating 
at high angles of attack limits the entire theoretical 
treatment to those flight conditions in which blade 
elements do not reach high angles of at tack when moving 
at high velocity relative to the air. Recognition of this 
limitation is extremely important. If the theory is 
applied indiscriminately to all flight conditions, ab- 
surdly high performance will be predicted at high tip- 
speed ratios and high pitch settings. This point will 
be discussed further in connection with an illustrative 
example in a later section of this paper. 

Because values of c t appreciably below c, 
not be considered, the algebraic value of €i~ 
he substituted for the absolute value \ci— c { in 
equation (17). After the resulting expression for 
Ac dQ is expanded and the product aa r is substituted for 
c h it becomes possible, by equating coefficients of like 
po Wei's of a r , to express 5 0 , 5 1? and 5 2 in the following 
manner: 



'op t 
~ Cl opt 



need 
may 



5„ C,r _ =Kq- 



AV 



up t 



* l M<ix ^ l upt 



+ 



(r. 



V 



I- 1 



max 

5o 



opt 



2A>, 
~ (d 

v 'ma 



o pt 



(IS) 



(19) 



or, when the 
incorporated, 



"On 



a 2 (c i 

'max 

values chosen 
= 0.0003- 



(20) 

for K (h K h and K 2 are 



■ f w ) 



-0.0025 — 



opt 

- Vi 



-0.0229 



Op I 



apt 



5, 



-- -0.0025 



-0.0458 



opt 



V= 0.0225K- 
(c 



a 



mar ^'htpt^ 



(21) 

(22) 
(23) 



These expressions are plotted in figure 2 for several 
values of e toptm Values of 5 0 , 5,, and d> can therefore 
be directly determined from figures 2(a), 2(b), and 
2(c), respectively, for conventional airfoil sections at 
any Reynolds number if c d , c , v. , and a are 

y 'min hnax l opt 

known at the Reynolds number in question. Com- 
plete directions for determining these last quantities 
at any desired Reynolds number from standard airfoil 
tests at some other Reynolds number are given in 
reference 4. 

The variation of the Reynolds number for different 
parts of the rotor disk complicates the choice of a value 
on which to base the determination of 5,„ 5 )? and 5 2 for 
any given rotor. Pending further investigation of 
this particular problem it is suggested that a value 
corresponding to the chord and the average rotational 
speed of the blade element at 0.757? be used. 
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APPLICATION OF THEORY 

The manner in which the preceding ('hurts and 
tables are used will now bo illustrated by n numerical 
evaluation of the characteristics of a particular rotor 
operating at a specified tip-speed ratio. The rotor 
used for this example will be assumed to have rectan- 
gular blades of the NACA 23012 airfoil section with no 
linear twist (0,--O). The Reynolds number corre- 
sponding to the chord and the rotational speed at 
0.75ft will be considered to be approximately 2, 000 ,000. 
The rotor will be assumed to have a blade pitch angle 
of 4° and to be autorotating at a tip-speed ratio of 0.35. 

For the NACA 23012 airfoil section operating at a 
Reynolds number of S, 1(10,000, the following values 
were obtained from table II of reference 4: 



1. 72 
5. 73 
. 0070 

_ . 08 



a, per radian 

m > ii 

Since the publication of table II of reference 4, the 
data, contained therein have been found to be subject 
to corrections described in reference 0. Table III of 
reference (> gives for the NACA 23012 section 
Cl 1.74, c„ 0.0000 at a Reynolds number 

of X,400,000. The change in c lmax is negligible. The 
hio-her value of r rfn used in the present paper may 
be considered to include a partial allowance for surface 
roughness. The results published in reference 7 in- 
dicate that current construction, for wings at least, is 
sufficiently crude to increase the minimum profile-drag 
coefficient by as much as 50 percent over that for a 
smooth wing. 

At a Reynolds number of 2,000,000 a value of 
v = \ 72 — 0 27—1.45 is obtained from figure 44 of 

hum ' ■ i i 

reference 4. The value of 5.73 for a remains unchanged. 
The minimum profile-drug coefficient is given by the 
expression 



- 0.0082 

An indication of the probable variation of Ci opt 
with scale for different airfoil sections is given by 
figure 42 and table I of reference 4. It is to be noted, 
however, that the accuracy of the experimental data is 
not sufficient to establish the small variation for the 
NACA 23012 section with any degree of certainty. 
For the present example it will be assumed that the 
effect of scale on c t of the NACA 23012 section can 
be ignored over the range of Reynolds numbers from 
8,000,000 to 2,000,000. 



The values of 5 0y <5 b and <5> can now be obtained 
from figure 2 or from equations (21), (22), and (23). 
They are: 

* A, 0. 0087 

6l . .021<i 

5, .400 

The next step is the determination of the inflow 
factor X from the torque equilibrium of the rotor. 
In the present problem the rotor is assumed to be in 
steady autorotation ; hence, the accelerating and the 
decelerating torques are exactly equal. That is 

e?")(^) 

or, at ju — 0.35, from equations (9) and (11) and tables 
IV and V 

^(0.04()X 2 +0.r)80X<? 0 +0.500X^H 0.145^+0.212^ 

+ O.O770 1 2 )-=O.28O5 O 

+6t (0.333X4 0.280ft, ■] 0.220/9,) 

4 fi 3 (0.()04X 2 + 1. 092 X0 O + 0.807 X<VHK4430 O 2 

+ O.O7O0A ] O.2f>80, 2 ) 
Terms involving Mwlh® 2 1)0( ' n omitted from 

this equation on the assumption that M w IIfl 2 is of 
normal magnitude (approximately 0.000) so that the 
net contribution of these terms is negligible. 

Substitution of the appropriate values of 5 0 , B u b 2} 
6 ih 6 U and a into the preceding equation gives the 
quadratic equation 

3.701 XM 0.2750X 1 0.004050 - 0.278X 2 + 

0.0233X1 0.002870 

Solution of this equation gives two values of X. The 
smaller (algebraic) value corresponds to operation at a 
negative angle of attack and can be ignored. The 
larger' value, which corresponds to operation at a 
positive* angle of attack, is 

X- -0.0050 

With X and 0„ known, the calculation of the Happing 
angles is carried out with the help of tables I and II. 

a 0 =15[(0.153G)(-0.0050) ! (0. 1244 ) (0.0098.)] 
=-(o.!187-y[^ radians 

a t = (0.777) (- 0.0050) -( ( 1 .04 1 ) (0.0008) 

= 0.0687 radians 
6 1 - 1 5[(0.072 1) (-0.0050) + (0.059 1 ) (0.0008 ) | 

-(0.452)(^) 
=£(0.0563)- (0.4o2)(^£)] rntlians 
a^(0.35)[( , - 184 t , - 30,:> >-0 0050» 

+ ( 1 : 009 + 1 - 09B )(0.0f,98)] 
)0S 

< 



2 

,009 + 1.096 N 
2 

0.0082 radians 

0.314p().3o4^ ( _ 00050) 

-0.381-0.430^ (0()698) J 

— 0.0033 radians 
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di/a 



!.6 




f.a 1.4 

(a) «fl-frfc fcill - (h) b\tn. 

Figure 2.— Charts for the determination of 6», «i, and 62 for dinVrent hhnU- iiirfml sections. 



It is understood, of course, that the values of a lh b iy 
a< 2 , and b 2 depend on the value of the mass constant y of 
the rotor. In these calculations, 7 1 5 was used. 

The thrust coefficient is obtained from equation (0) 
and table III 

- ' r = (0.504) (-0.0050) + (0.361) (0.0698) =0.0227 
<j(i 

It will be shown later that the lift coefficient-solidity 
ratio C L f<r is a particularly convenient parameter 
against which to plot the profile drag-lift ratio of 
rotors. This quantity is obtained on the assumption 
that L= T cos a or 

C^R^pV^CrpifirR* cos a 



from wliieh 



and 



2C T eos a 2C T cos 1 a 



(mi) 



(JlJZCt a cos" a 
a a a u 2 



(24) 



Ordinarily at tip-speed ratios above 0.15 or 0.20 the 
value of cos 3 a can be taken as unity without serious 
error. Hence, in the present case 

^(0.0227)^=1.062 
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.oao 



6e/a* 




.00/ 



(C) *2;fl J . 



The induced clnifr-lift ratio of a rotor, given by the 
second term of equation (11-4) of reference 1, is 

J T 



(I>\ \ c \— 1 

V I J. m'm' XV 4 'jj-j . ( X y" 



At tip-speed ratios ahove 0.15 the factor enclosed in 
the brace may he considered unity and 

7/\ rvj 



which is, in the present case, 



(25) 



1.002X7 «.2W)cr 
4 



The profile drag-lift ratio of the rotor is obtained 
from equations (13) and (14) and tables VI and VII: 

(j?) [(0.1753) (-0.0050) | (0.1252) (0.0098)] 

= ( ( 51 7 ) ( °- 34:r) (-^0050) 

+ (0.280) (0.0098)] + (^ 

-f (0.930) (-0.0050) (0.0098) -|- (0.378) (0.0098) 2 ] 

which gives 



=-0.0711 



EFFECT OF PITCH SETTING AND TIP-SI' KED RATIO ON PROFILE 
DR AO-LIFT RATH) 

The calculation of tin* profile drag-lift ratio of the 
autogiro rotor assumed in the preceding example lias 
been repeated for a series of other combinations of 
the pitch angle 0 0 and the tip-speed ratio p. The 
results are summarized by the chart shown in figure 3. 
This type of chart, in which profile drag-lift ratio is 
plotted against C t J<j for various values of pitch and 
tip-speed ratio, is a particularly convenient method of 
presentation, in that the single chart completely speci- 
fies the lift and the drag characteristics of the rotor 
at any forward speed for all normal combinations of 
pitch, tip-speed ratio, and solidity. 

LIMITS OF VALIDITY OF THEORY 

It has been pointed out that the series used to ap- 
proximate the profile-drag: coefficient of the blade ele- 
ments begins to underestimate seriously the drag 
coefficient when the parameter (*,— Ci ovt )!(ci mnx — Ci opt ) 
reaches a value of 0.8. The angle of attack of the blade 
element corresponding to this limiting condition is 



0.8r, -f0.2c. 



(26) 



Now, it is impossible to limit the application of the 
theory to flight conditions in which a Tum is never ex- 
ceeded by any blade element. Whenever the rotor is 
in translation, some elements of the retreating blade 
will be operating at angles of attack above a T[im . For 
moderate values of pitch and tip-speed ratio, however, 
t hese high values of the angle of attack are confined to 
parts of the rotor disk in which the square of the 
velocity of the air relative to the blade element is quite 
low. Under such conditions the total contribution of 
these blade elements to the rotor thrust, torque, and 
flapping is very small, and the error in its estimation is 
negligible. 

As the tip-speed ratio or the pitch setting is increased, 
the high anglc-of-attack region spreads to regions of 
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.6 .8 1.0 2.0 4.0 6.0 8.0 10.0 

Lift coefficient solidity ratio, Cija 

Fh;ure 3.— Profile <lrajr-ltft mtio for sample rotor. The values in parentheses 
represent the forward sjmmh! in miles per hour at which the advancing blade tip 
reaches 75 percent of the speed of sound at sea level. 



Indue* 1 



COCO 



increasingly high velocity and the accuracy of the 
theory is correspondingly reduced. The extent to which 
the theory will he in error in any particular case will he 
approximately determined by the square of the maxi- 
mum value of the tangential velocity component u T at 
which elements reach the limiting angle of attack a T , 
Hence, the rational interpretation of a chart such as the 
one shown in figure 3 requires the addition of a series of 
lines, each of which represents the locus of combina- 
tions of pitch and tip-speed ratio for which a Tlim is the 
maximum angle of attack reached at the value of u T 
specified for the line. 

In order to construct the limiting lines just mentioned, 
it is necessary to derive a relation between the angle of 
attack of an element and its tangential-velocity com- 
ponent. The angle of attack is generally expressed by 
the formula 

ct r = ~ + 0 o -\ jrBy 

ft f 

or, after substitution for v P from equation (9) of 
reference 2 and for x from equation (8) of reference 2, 



a r ---6 {) + BiU T — dip sin 1^ + 61 cos \p—<i\ sin \p -l-26 2 cos 2^ 
— 2fi 3 sin 2^+~£m ^-^/o+2^^ cos ^ 

3 1 1 1 

+ sin yp — ^^h cos W — ^ixb-* sin 3^ (27) 

This e(|tiation makes it possible to calculate the 
angle of attack corresponding to a specified tangential 
velocity u T at all azimuth positions. It is not useful 
for the present purpose, however, until the azimuth 
angle \p at which a r becomes a maximum is deter- 
mined. Jn a specific example, where numerical values 
of the flapping coefficients are available, the derivative 
of the expression can be equated to 0 and a numerical 
value can be obtained for \p. This value of \p, when 
substituted in the original expression, will determine 
the desired maximum value of a r for the specified 
value of u T . In general form, however, this method of 
solution results in expressions too complex for practical 
application, unless the rotor is assumed to have in- 
fir.itely heavy blades. 

For the rotor with infinitely heavy blades the mass 
constant 7 and all flapping coefficients except a Y are 
zero. Then 



a r — 0 O 1 diU r ~ difx sin yp- 



sin \p~\ \-~ 



The azimuth positions for maximum and minimum 
angles of attack are obtained from the condition that 

(la r 
(if 



-0- 



Q\\x cos \p— a 1 cos \j/ 



which gives ^ = 90° for ay wjn and ^ = 270° for a rff 
Substitution of ^ = 270° gives 



: ft)+*i far +/*)+:/-+ 



After substitution from equation (2) 
1 \ \ / 



5^ M 2/7^ 



+ 



1 +x(^) 2 ^)+>(i + 

/ K 4 0.212 A 

*V*M + ^)+£(v+^) (28) 
\ju T) 0„, 0Ju T) d u and 0 l /u T are 



The coefficients of X 
given in table VIII. 



Table VIII. -- XUMKKIOAL VALUKS OF THK COKFFICI KXTS I X KQl'ATIOX (28) R)R«r nai 

[/<=0.97] 



\ Tip-speed 
ratio, m 
roclHciont. v \ 

of \ k 



X 

\hi j, 



0. H21 
I.OiH 

1. US 

. 003 
. m 

. 040 



0. 20 



0. 430 

1 . 080 

1. .11)2 
. J 12 
. 00S 
. 0K2 



0. 540 

1 . 1 35 
1.711 

. 178 

. 707 



0. 30 



0. 053 

1. 190 
1 . 800 

. 259 
.929 
. 189 



0. 708 

1. 209 

2. 028 
. 359 

] . 090 
. 201 



0. 40 


0. 15 


0. 50 


0. sso 


l.oos 


1. 13H 


1 . WA 


1.451 


1 . 507 


2. 199 


2. SSO 


2. 572 


. 477 


.017 


.779 


1 208 


1.447 


1 . 033 


.347 


. 449 


. 500 
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Under the conditions chosen for the illustrative 
example, ^ = 0, ft, =-4°, X- -0.0050 and 

(-0.0050) (0.7BS) + (^ ( ^°)(1.260) 

+ (0.0098) (2.028) + (°^)(0.359) 
10.04° at u T 0.5 

The maximum angle of attack does not reach a value 
as high as (0.8r w -j 0.2c lopt )fa until u r is as low as 
0.279. Hence, the conditions chosen for the illustrative 
example lie within the range for which the theory may 
be expected to give reasonably accurate results. 

The value of a Tm(ll has been calculated for all combina- 
tions of pitch and tip-speed ratio shown in figure 3 for 
values of u T of 0.3, 0.4, and 0.5. For each of these 
three values of u Ti a series of combinations of 0 O and /a at 
which a Tmax just reaches (0.8c w + 0.2c, op ,)/a has been 
established by interpolation. Curves drawn through 
each scries have been included in figure 3. At the present 
time it is not possible to estimate quantitatively the error 
in the theory corresponding to each of the three curves. 
Fortunately such an estimate is not absolutely essential. 
The rapidity of the growth, with pitch and tip-speed 
ratio, of the high angle-of-attack region beyond the 
line for v T - 0.4 makes this line a satisfactory limit in 
the present case. 

A question naturally arises as to whether the fact 
that the blades are not infinitely heavy can be safely 
ignored in the determination of tin* limiting lines. In 
order to check on this point, three combinations of 
pitch and tip-speed ratio, for which ot rmaz =ot riim at 
v r =r[)A for infinitely heavy blades, have been used 
with « r =H).4 to calculate values of a r against \p directly 
from equation (27) when 7- 15. The results are 
tabulated as follows: 



0. 25 
. 45 



4.S2 
3. IW 



max 

(flop) 









7=15 


11.75 


13. If) 


n. 75 


i2.r>9 


11. 75 


12. 7n 



It is evident that the angles reach slightly higher values 
at a given u T for blades of finite mass (7=15). Hence, 
limit lines constructed on the assumption of 7 = 0 tend 
to overestimate slightly the range of conditions for 
which the theory is valid. 

Up to this point the discussion has been concerned 
primarily with the determination of the limiting con- 
ditions of pitch and tip-speed ratio for which the theory 
can be expected to give accurate results. It should be 
pointed out, however, that the use of combinations of 
pitch and tip-speed ratio beyond these limits will 
result in an actual performance inferior to that pre- 
dicted by the theory because of the drag of blade ele- 



ments operating near and beyond the stall. The 
rapidity with which the high angles of at tack spread to 
high velocities in the rotor under consideration indi- 
cates that the conditions of pitch and tip-speed ratio 
for optimum performance can be only slightly beyond 
the limits of accuracy of the theory. 

EFFECT OF COMPRESSIBILITY ON ADVANCING BLADE 

The speed at the tip of the advancing Made of a 
rotor in translation is 



r-r -| -Mi 



V 



or, since M = ^ approximately, 



V ( 



to) 



(20) 



The compressibility-shock wave usually forms on 
airfoil sections at between 75 and 80 percent of the 
speed of sound. Hence, the maximum speed at which 
a rotor can be flown without danger of loss in efficiency 
due to compressibility shock on the advancing blade 
tip may be considered to be 



V WQr ^=/>73 —tv miles per hour 



(30i 



Equation (30) indicates that the lines of constant 
tip-speed ratio on figure 3 are also lines of constant 
maximum permissible forward speed. For example, a 
rotor cannot fly at a forward speed greater than 14S 
miles per hour, at any value of C L la to the right of the 
line jLt^0.35 in figure 3, without danger of compressi- 
bility shock on the advancing blade. Values of the 
maximum permissible speed, as given by equation (30), 
are noted for each tip-speed ratio on figure 3. It is 
apparent that, in the case of the constant-pitch auto- 
rotating rotor, the necessity of avoiding compressi- 
bility on the advancing blade restricts high-speed 
flight to inefficient combinations of pitch and tip- 
speed ratio. 

CONCLUSIONS 

1. Theoretically derived expressions for the thrust, 
the torque, and the profile drag-lift ratio of a lifting 
rotor in translation have been reduced to simple 
functions of the inflow velocity and the blade pitch. 
The various terms in these functions have coefficients 
that are functions of the tip-speed ratio but are, for 
practical purposes, independent of the mass constant. 
Values of these coefficients given in tables for specified 
values of the tip-speed ratio can be safely used to esti- 
mate the characteristics of any rotor of conventional 
design. 

2. The relationship between the drag and the lift 
characteristics of an autorotating rotor, in forward 
flight at tip-speed ratios above 0.15, can be com- 
pletely specified for various combinations of pitch, 
tip-speed ratio, and solidity by a single chart on which 
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the profile drag-lift ratio is plotted against the lift 
coefficient-solidity ratio for specified values of pitch 
and tip-speed ratio. 

3. Beyond certain limiting combinations of pitch 
and tip-speed ratio, the excessive power required by 
blade elements operating at high speeds while near or 
beyond the stall adversely affects the over-all rotor 
performance to such an extent that the theoretical 
treatment is no longer accurate. By a method devel- 
oped in the present paper it is possible to determine 
approximately these limiting combinations and thus to 
avoid the application of the theory to conditions in 



which the rotor performance would inevitably be over- 
estimated. 

4. The requirement that compressibility shock be 
avoided at the tip of the advancing blade restricts high- 
speed flight with an autorotating rotor to inefficient 
combinations of pitch and tip-speed ratio. 



Langley Memorial Aeronautical Laboratory, 
National Advisory Committee for Aeronautics, 
Langley Field, Va., March 17, 19/ f l. 
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